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THE CARTESIAN SQUARE OF THE HOROCYCLE 
FLOW IS NOT LOOSELY BERNOULLI 

B Y  

M A R I N A  R A T N E R  t 

ABSTRACT 

We give an example of an algebraic non-loosely Bernoulli flow. Namely,  we 
prove that the  cartesian square of the classical horocycle flow is not loosely 
Bernoulli.  

Loose Bernoulliness (LB) has been introduced into ergodic theory by J. 

Feldman [4] and A. B. Katok [6] (see also [15]). In his paper [4] J. Feldman gave 

an example of a non-LB transformation. D. Rudolph [12] then constructed 

uncountably many non-Kakutani equivalent transformations of both zero and 

positive entropy. He and D. Ornstein [13] also constructed an LB mixing T s.t. 

T × T is not LB (see [14] for loose Bernoulliness of cartesian products). A. B. 

Katok [6] was the first to construct a non-LB ergodic C~-diffeomorphism on a 

compact Ca-manifold preserving a smooth measure. 

From a certain point of view all these examples are "unnatural"  since they all 

are based on an artificial method of construction (see (B), page 37, in J. 

Feldman's paper [4]). 

In this paper we give an example of a "natural"  non-LB ergodic flow, i.e. a 

non-LB algebraic (and therefore analytic) flow on a homogeneous (and therefore 

analytic) compact space preserving Haar  measure (which is a smooth measure). 

More precisely, let 

and F C G be a discrete subgroup of G s.t. F/G is compact. We assume that 

- I E F and if A ~ F, A # I, - I then A is hyperbolic, i.e. I Tr  A I > 2. M = F/G 
can be viewed as the space of unit tangent vectors (linear elements) to a compact 

Riemann surface of constant negative curvature (see [1], [2]). 
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The classical horocycle flow h, is a flow on M defined by 

h,(Fg)= rg  (~ 01), g E G. 

h, preserves the Riemannian volume ~ on M (derived from the Haar  

measure t2 on G),  is mixing of all degrees [8], and has zero-entropy. It was 

shown in [11] that h, (and therefore hi [15]) is LB. 

We denote Y = M x M = F × F / G × G  and S , = h ,  xh , .  Y is a compact 

homogeneous space and $, is an algebraic flow on Y preserving the 

measure u =/x  x t~ (derived from the Haar  measure ~ =/2 ×/2 in G × G).  S, is 

ergodic and of zero entropy. 

We prove the following theorem. 

THEOREM 1. The cartesian square S, = h, × h, of the classical horocycle flow h, 

is not loosely Bernoulli. 

We shall also consider the classical geodesic flow g, on M defined by 

(o e 0-) g , ( F g ) = F g  , , g E G  

(see [1], [2], [5]). g, also preserves ~ and 

g, oh, =he2,.og,, u, t E R .  

Let ~, = g, x g,. Then ~, preserves v on Y and 

(1) g, o S, = Se2,, og,, u, t E R .  

(1) implies via [8] that in fact S, is mixing of all degrees. 

I am grateful to Jack Feldman, David Kahzdan and Joe Wolf for very valuable 

discussions. I am especially grateful to Bob Solovay for his proof of Lemma 2 

below. 

1. The f -metr ic  (see [10], [15]) 

Let w, w' E {1,2,. . ., a} °. Then f , (w,  w ' ) =  1 - k / n  where k is the maximal 

integer for which we can find subsequences i1< i 2 < ' . .  < &, j , < j 2 < . . .  <jk 

with w(i,) = w'(j,), 1 <- r <= k. 

Let T be an m.p.t, in a probability space (X, m) and let P = {Pl,"" ", F,} be a 

partition of X. If x E P j  then j is the P-name of x E X .  Denote  w , ( x ) =  

{xc, ,"- ,x,} where x, is the T- '  P-name of x. 
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Let T have zero-entropy. P is called an LB-partition for T if given e > 0 there 

is N > 0  and a set Y C X ,  m ( Y ) > l - e  s.t. if n_->N and x, y E  Y then 

f,(w,(x),w,(y))<e. We say that w.(x) and w, (y )  or {x, Tx,..., T"x} and 

{y, Ty,..., T 'y }  are e-P-matchable .  

An ergodic T is LB if every finite measurable partition of X is LB. 

Let S, be an m.p. flow in a probability space (Y, v). By Ambrose-Kakutani  

Theorem S, can be represented as a special flow over an m.p.t. ~b in (X, m ) built 

with a positive integrable function F on X. (X, m, th) is called a cross-section for 

S,. S, is ergodic iff ~b is and by Abramov's  formula S, has zero entropy ill ~b does. 

S, is called LB if it has an LB cross-section. (Then all cross-sections of S, are LB 

[15].) 

Let (Y,v,S,) be a special flow over (X,m,~b) built with F > F > 0 ,  F =  

fxFdm < %  Y={(x,t): xEX ,  O<=t<F(x), (x,F(x))=(~x,O)}, dv = 
dm x dt/F. 

Let /3 = {A~, . . . ,  A,} be a partition of X. Denote  

Ptx) 

P, = U [,.J &(x,O). 
XEA l k=0 

a = {P1,'" ",P,} is a partition of Y. Let ~: be the partition of Y into orbit 

intervals [y, SFt~)y)where y = (x,0), x E X. 

For u E Y we denote  I,(u) the orbit interval [u,&u), t > 0 ,  L(u) earl be 
l(u) 

uniquely represented as a disjoint union of intervals U~_o J~(u), J~ < J~+~ where 

Jo(u), J~(,)(u) c C E ~ and J~ (u) E ~, i = 1, 2 , . .  -, i (u) - 1. If J~ (u) C Pk for some 

Pk E a then we say that k is the a -name  of J~(u). 

DEFINITION 1. For u, v E Y/ ,  (u) and L (v) are called e -a-matchable  if there 

are subsequences 0 _ < - i l < i 2 < . . . < i ~ _ - < i ( u ) ,  O<-jl<j2<...<jk<-_i(o) s.t. 

Z~(u) and Jjp(v) have equal a-names,  p = 1, k, and the measure 1( I_1~_1Z~(u))/t, 
l( U~=~ Z~(v))/s are at least 1 - e, where l denotes the Lebesque measure on the 

orbits of S,. 
The sequences {ip, jr}~=~ define an a -match  or between L(u) and L(v) ,  

or(g) = Jr, P = 1, k. We denote  

E l (  u Ji(u)) l( i j  , ( o ) ) 1  

f ( o r )  = t + " 

or is an e -a -match  iff f ( o r ) <  e. We define f(I,(u),L(v))= infer(or). A pair 

B ={Io(u),h(v)} forms a block if [(I,(u),h(v))=O. If i~+.=ir+n, jr+, = 
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= I I  " 0 ' )  j p+n  for  s o m e  l<=p<=k and all O = < n < n ( p )  then ,_,.~oJ~p÷n(u) and 
U ' Z 0 , )  it , . o % + . ( v )  fo rm a block.  

LEMMA 1. Suppose that S, is LB and of zero entropy. Then given e > 0 there is 

to = to(e) > 0  and Y~ C Y, u ( Y 0 >  1 - e s.t. if u, v E Y~ and t > to then L ( u )  and 

I , ( v )  are e-a-matchable. 

PROOF. S, is LB iiI 4, is LB.  So the par t i t ion fl is LB for  4'. Le t  e > 0 be  given 

and  let 8 > 0 be  chosen later.  Le t  N~ = N~(8) > 0 and X~ C X, m (Xd > 1 - 8 be 

s.t. if x, y E X~ and n ~ N~ then  {thx, t~2x, ' '  ", 4~"x} and {4~Y, tb2Y, "" ", ~ Y }  are 8- 

-matchab le .  

Since 4~ is ergodic  there  is N2 = N 2 ( 8 ) > 0  and X~C X, re(X2)> 1 -  8 s.t. if 

x E X2 and n > N2 then 

2 2 F(~)ix)- Pl < i~l 

o r  

(2) ,-,~ F(4,'x)-nP I < nS. 

D e n o t e  X3 = X~ A X2, m (X3) > 1 - 23 and  

F(x)  

Y.=  U U S k ( x , O ) , v ( Y 1 ) > l - 2 F &  
xEX 3 k =0 

Let  N3 = max{N1, N2, NIP~P} and let to = to (6)=  N3F. 
[ ] i (u )  T I I i ( V ) r  ," \ 

Let  u, v U  Y] and t>to.  Let  / , ( u )  = , - , ,=oJ , (u) ,  L ( v )  = ~ , j=oJ j tv )  be  the 

a b o v e  decompos i t i ons  into a - n a m e d  orbit  intervals.  

We  have  u = (x,p), v = (y, q)  for  some  x, y E X3, 0 =< p < F(x), 0 -< q < F ( y )  

and if l <=i <i (u ) ,  l <=j < i ( v )  then J~(u)=[u,,u,+~], Jj(v)=[vi, vj+~ ] where  

u, = (4~'x, 0), v i = (thiy, 0). So / (Z (u))  = F (d , ' x ) ,  l(Jj (v))  = F(~biy). 

W e  have  

t - 1  U J~(u) < 2 F ,  
i = l  

(3) I t - l (,. "°~-'jU J~(v)) I < 2F. 

W e  have  n = [t/F] > N3 > N2, x, y E X3 and by (2): 

I 2t F(d)~x)- t < 2n8 = -= 8, 
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(4) I [ 2t 
2 F ( q ~ ' y ) - t  < F & 
i = l  

for sufficiently large t. 

Let r = min{n, i ( u ) -  1, i ( v ) -  1}. We get from (3) and (4) that 

(s) 

Here 
x, y E X3. 

We have 

1 (  r l U Z ( u )  - t  <lOt6 /F ,  
i = l  

t (  )t l U J,(v) - <lOt6/F.  
i = l  

J~(u)=[u,u~+1), J j (v)=[vj ,  vj+O where u~=(~b~x,0), v, = ( 6 %  0), 

i(u),  i ( v ) > t  > N3F>. N~FF=_. N, 
F F FF 

and n > N3 ~> N~. So r > N1 and therefore {~bx, - •., ~b'x} and {~by, • • -, ~b'y} are 6- 

/3 -matchable. 
Let 1=<i ,<  .. . < ik  =<r, l ~ j a < j z < ' "  "<jk _-<r, 1 - k / r < 6  be s.t. /3-names 

of ,;b~,x and of ~bCy, p = 1, k are equal. Then Z, (u)  and J¢(v) have equal 

a-names and 

l (  U J~(u) ) ,  1(  U J ~ ( v ) ) <  r6F<n6F<=t-=F_ 6. 
i~{ip} \ / ~ { j p }  F 

This and (5) show that L(u)  and L(v)  are K3-a-matchable  where K =  

max{(/~ + 10)/F, 2/?}. We complete the proof picking 6 <= e/K. [] 

I am grateful to Bob Solovay for his proof of the following lemma. 
Let I be an interval and Z, J~ be disjoint subintervals o f / ,  J~ = [x, y~], y, _-< xj. 

We denote d(J,  Jj)= l[y,x~]. 

LEMMA 2. Let C, Y, r > O, 0 < a < 1 be constants. There is 0 = O(C, y, r, a)  > 

0 s.t. i f I =  [a,b] is an interval of length t (t is large) and a = { J , "  ",Jp} is a 

partition of I into black and white intervals s.t. 

(1) d(J,,Jj) >- C[min{l(d,), I(dj)}] '*" for any two black J,,J, E a, 

(2) l(J) <= ta for any black J E a, 

(3) l(J) >= r for any white J E a, 
then mw( t ,a )  > 0 where mw( t ,a )  denotes the total relative measure of white 

intervals of a on 1. 
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PROOF. (R. Solovay) D e n o t e  A.={JEot/J is black and /(J)_>- 2"}. Let  

a => ao--> • • • -> a ,  => • • • be a descending sequence of part i t ions of I s.t. J E a ,  is 

black iff J ~ A , .  D e n o t e  m,  = mw(t ,a , ) .  We have m,(t,a)<-mo<=m~<= .. .. 

(i) Suppose  A0 = 0 ,  i.e. l(J) < 1 for all black J E a. Let I = Iw U Ib where  

Iw = Uj~, ,  ~swh~,~ J, Ib = U ~ ,  ,sb,~k J and let k be the number  of black intervals in 

a. If k > 1 there are at least (k - 1) white intervals whose length is at least r by 

(3). We  have 

m~ (t, a )  = l (L) / [ l ( l~)  +/(Lb)] 

(6) 
[ = 1 + / ( L ) J  

> [1 + k -1 

_ ->[ l+2 / r l - ' .  

If  k = 1 then m ~ ( t , a ) > [ l + l / r ] - ' .  

(ii) Suppose  Ao # 0 .  We get as in (i) 

(7) mw (t, a)=> [1 + 1/r]-lmo. 

Let A,+,  # O and let D be a white interval be tween two consecut ive black 

intervals of a.+t. Cons ider  a ,  on D. Let D = Dw U Db as above.  If J ~ a ,  I D is 

black, then 2" =< l(J) < 2 "*~. 

We have by (1) 

I(Dw) >= CK. • 2 "(l+~) 

where  K.  is the n u m b e r  of black intervals in a. /D.  
We have 

mw (a.,  D )  = l(Dw)/[l(Dw) +/(Db)] 

= [1+/_(_Q.0] - '  
I (D~)J  

(8) 
K .2 .+ ,  ]_1 

_-> 1 + ~-~-~g~-, ,j  

= [1 + 2 C - ' 2 - ' ] - ' .  

(8) implies m.  _--g [1 + 2C-12-" ' ] - 'm .+1  and 
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N_, I'] (9) mo ---- l-I [1 + 2C- '2-k ' ] - lm~ => [1 + 2C- '2-k ' ]- 'mN =>/~m~ 
k ~ O  k - O  

where 0 </~ < ~ and N is s.t. A , ~  O but A.+I = 0 .  

(iii) We estimate raN. If J E a N  is black then 2N-<I(J)_-<2N+L Let 

{B~,. . . ,  Bk~m} be black intervals of aN, Bj is to the right of B~ if j > i. Let 

Bk(m = [bz, bz] and D = [a, b~] = D ,  U D~ (w.r. to aN on D).  We have 

[ /2g_1] ' 
m~(aN, D)  = 1 + I ( D , ) ]  

[ ( k ( N ) -  1) .2  N÷' 1- '  
_- 1+  C ' ( k ( N ) -  1).2m*+')] 

= [1+  2C- '2 -~ , ]  -'. 

Since l(Bk{N))<= ta we get 

(10) mN >--- [1 + 2C-~2-N']-'(1 -- a).  

(6), (7), (9) and (10) complete the proof. [7 
Let I ( u ) =  [u, u,], I ( v ) =  [v, v,] be two intervals, l(I(u)) = l ( I (v ) )= t. Let 

J~(u ) < J2(u ) < " .  < J~ (u ) and J dv ) < J2( v ) < " .  < Jk (v ) be black subintervals 

of I (u)  and I (v)  respectively. We match Z (u) with Z (v) to get a match o-. 

Blocks of ¢ are pairs B,={J~(u) ,Z(v)} ,  i = l , k .  We define l (Bp)= 

max {l (Jp (u)), l(Jp (v))}, d (Bp, Bq) = max {l [zp (u), yq (u)], l[z~ (v), y, (v)]} where 

Jp = [yp, zp], p < q, and 

) (11) f ( c r )=  1 - ~  l I,.J Y,(u) U J~(v) . 

LEMMA 3. Suppose 
(1) d(Bp, Bq) >- max{r, C[min{l(Bp), l(Bq)}] ~+~} for some C, y, r > 0 ,  p,q = 

1,k, 
(2) l(Bp) <-- ta for some 0 < a < 1, p = 1, k. 
I[ t is sufficiently large, then [(o')_- > 0/2 = 0 > 0  where 0 = O(C, y, r, a) is as in 

Lemma 2. 

PROOF. Let Q, ~ B, be s.t. /(O,) = / (B , ) ,  i = l, k and R, = [z,(w), y,+~(w)] 

where w = u if l[z,(u),y,+l(u)] = d(B,,B,+~) and w = v otherwise, i =0,/c,  

Bo = {[u], [v]}, Bk+, = {[u,], [V,]}. 
k 

We have I (u)  U I(v)  = [.J~=t O~ U k.J,=o R~ U D where l (D)  <- t. 
Form an interval V by gluing black {Q~} and white {R~} as follows: 
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(12) V = Ro U Q~ U R~ U Q2 U R2 U • • • O Qk-1U Rk_~ U Qk U Rk. 

It is clear that t <= l(V)<= 2t. This partition of V into black and white intervals 

satisfies the conditions of L e m m a  2. By this lemma 

m , ( V )  = l R~ l(V)>= 0 > 0 .  

We have 

o/( R),2, ,( 0_0 o 0 [] 
2. u-cylindric partitions (see [11]) 

Let p:  G - * M =  F/G be the projection pg = Fg, x E M and g Ep-~(x) .  

v)l } 
ff, S(g)= g 0 e -u u ,v  ~ R  and W ' ( x ) = p W ~ ( g )  

are leaves of stable foliations If¢s and W s in G and in M respectively (stability 

w.r. to the geodesic flow). We define 

to get strong unstable foliations in G and in M. Leaves of W u~ are orbits of h,. h, 

is covered by the flow H, :  

0) 
H,(g )  = g 1 

in G and leaves of ~¢~u are orbits of H,. 

For a foliation W, A C W means A is a subset of a leaf of W. 

DEFINITION 2 (see [11]). Two sets A , B  C W s are called u-isomorphic 

(A ~ B)  if there is a continuous @: A x I -~ M ( I  -- [0, 1]) s.t. (1) @(x, I )  C W ~, 

x E A ,  (2) @(x, 0 ) =  x, 6(x, 1 ) E B  and the map d:  A - ~ B  d ( x ) =  @(x, 1) is a 

homeomorphism.  The set 0 ( A  x I )  = P is called a u-cylinder with faces A, B. If 

the positive direction on orbits of h, goes f rom A to B we write A = AI(P) ,  

B = A2(P). 6 ( x , I )  and @(y,I), x ,y  E A  are called s-isomorphic 

(~(x,  t )  ~ ~,(y, it)). 
Denote  r/p the partition of P into sets u-isomorphic to A j = A~(P) and 

~p = {0(x, I )  C P, x E A~} the partition of P into s-isomorphic intervals of orbits 

of h,. 
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The  h,- invar iant  measu re  Ix in M has the fo rm dIx = dIx' × d t  where  Ix'  is a 

measu re  on leaves of W s equivalent  to the R iemann ian  vo lume  on W s and 

invariant  under  the u - i somorph i sm  (see [3]). 

Hence fo r th  we suppose  that  A , = I n t A , C  W" is compac t  and that  g ' -  

measu re  of the boundary  OA1 of A ,  is zero.  

Let  to = {P~, • •., P,.} be  a part i t ion of M into u-cyl inders  (see [ laD. W e  say to 

is a u-par t i t ion .  D e n o t e  r/~ = {A E ~Tp, P E to}, ~,~ = {C E ~p/P E to}. W e  shall 

assume that  the d iamete rs  of A E ~,~ in W s and the d iamete rs  of  P E to are at 

most  e for  a sufficiently small e > 0. 

Let  Y = M x M ,  v = / x × I x ,  S,=h,  xh, ,  a = { P x Q [ P ,  OEto} ,  [3= 
{Al(P)  × Q, P x A,(Q)/P, Q E to}. Let  X = U[3 be the se t - theoret ic  union of 

a toms  of [3. For  x E X we deno te  6 ( x )  the first intersect ion of the orbi t  

{S,x,t > 0 }  with X and F(x) the length of [x, cbx] on the orbit .  (Y, v,S,)  is a 

special flow built over  (X, m, 4,) with F where  m is a 6 - inva r i an t  measu re  on X 

gene ra t ed  by v. 

We  shall show that  the par t i ton  a does  not satisfy the condi t ion in the 

conclusion of L e m m a  1. This  will imply by the l e m m a  that  S, is not  LB. 

Let  T, be  the flow in G × G cover ing S,, pT, = S,p (we deno te  the pro jec t ions  

G---~F/G = M and G x G - - * F x F / G  × G = Y by the same  symbol  p) .  

W e  lift to into G to get a u-par t i t ion  ft ,  p(f~) = to and  A = f t x  f t  in G x G, 

p ( a )  = 

So we have  (h,, to) in M, (H,, 1"1) in G,p(H,,f~)= (h,, to), (S,,a) in M x  M =  Y 

and ( T , , A ) i n  G x G ,  p(T,,A)=(S,,a).  
For  u E M, G, Y, G × G, the symbol  L(u), t > 0  deno tes  the orbi t  interval  

f rom u to h,u, H,u, S,u, T,u respectively.  

Let  x = (x~, x2), y = (yl, y2)E G x G have  equal  A-names,  i.e. y, E ~(x,), 
i = 1, 2. D e n o t e  z, = ~n(y,) n r/n(x,) E "v~V'(x,). W e  have  

d,(x,z~)<e, i = 1,2. 

where  ds deno tes  the metr ic  in i f "  gene ra t ed  by the R iemann ian  metr ic  in G. 

Now let x with y and T,x with Tqy have  equal  A-names,  t, q => 0. This means  

that  Hqyi ~ ~(H, xi), i = 1,2. D e n o t e  xi(t)= H, xi. 
Let  z'l = ~:a(y~ (q)) n r/a(x, (t)) ~ W'(x~ (t)). W e  have  [z,  z ~] ~ [x,  x~ (t)] and  

(13) 4 (x, (t), z 3 < e. 

Let  q~ = qi(t) be s.t. z'~= z~(q~) = H~,z~. We have  

/ q , - q l < 2 e ,  i = 1,2, 
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(14) I q , -  q21 < 4 e .  

Let  z E G be  s.t. z~ = x~. z ( the p roduc t  in G )  and let w = w ( x ,  y~,x2)=  

x2" z E .¢¢'(x2). Since the  me t r i c  in G is left invar ian t  we have  

[x2, x~(t)] z [w, w(q~(t ))] ~ [z~, z~(q~(t ))]. 

D e n o t e  q~(t) = s(t, x,, z~) = s(t, x2, w) = s and  q2(t) = l(s, w, z2) = I. 

(14) says that  z2 must  be  so close to w that  

t s - t F < 4 e .  (15) 

Clear ly  

(16) d~ (w(s),  z2(/)) < 2e. 

W e  now m a k e  prec ise  the  c loseness  of z~ to x~ and  of z2 to w to satisfy (13) 

and (15). 

Let  G, : 

G,g g ( e' = e-t) 

and  g, = p ( G , )  be the  geodes ic  flows on G and on M respect ive ly .  Let  H*,: 

be  the  fo l ia t ion  of G into orb i t s  of H *  and  and  h * = p(H*).  Let  ¢¢s, 

W ~ = p l ~  "~ in M. W e  have  

(17) g, oh*  = h*-,sog, where  A = e 2. 
g, o h~ = h.,~ o g, 

Let  z = H~G~e and  let [e,H.e] .a. [ z , H . . z ] .  Let  H . . z  = H*b(..Go(~)H~e. W e  

get  the  fo l lowing equa t i ons  for  l(s), a(s), b( s ) :  

H bc.G.~.H~e = HIo)H*G.e 
or  

O n e  can c o m p u t e  that  

a(s) = - l o g ( e  -a - sbe°), 
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(18) b(s)  = be"(e-"  - sbe"), 

l (s)  = e"s l (e-"  - sbe"). 

Now let z : E  .WS(x,(t)) be as in (13) and let zi ~ IfC'(xl) be zi = H*~,Gp,xi for 

some Ir~l, [p , l<e ,  i =  1,2. 

(13) implies by virtue of (18) that 

(19) I r~[<A(e) / t ,  t > 0 ,  i = 1 , 2 ,  forsomelimA(e)=0..__.o 

We are now interested in (15). Since z2~ f f " (w)  we have z2 = H * G , w  for 

some l a l , l b [  < e. By (16) and (18) we have 

[ b [ < A (2e)/s, s > 0 

l -  s = l ( s ) -  s 

(20) = (e"s - e-"s + s2be")/(e -° - sbe") 

= (s2bD + Las)/(e  -~ - sbe") 

where D = e", 

e " - e - " = L ( a ) a = L a ,  L~<-L<-L2 for some L,, L2>  0. 

Let y ~ A(x). We are interested in all possible q, t _-> 0 s.t. T,y ~ h(T,x). 

As before let z,  E H*  GpXl (then w = H* Gpx2) and z2 = H* G.w, Ip l, I rl ,  I a I, 
Ibl<~. 

Denote O(g;a,[3,  y ) = { H c H ~ G , g / l a [ < a ,  I b l < ~ ,  I c l < y } ,  a,[3, y > O ,  

g ~ G  and V ( x ; P , R , A , B ) = { y E G × G / y ,  E O ( x , ; P , R ,  8e),  i = 1 , 2  and 

y2E O ( w ; A , B ,  8e)}, P , R , A , B  >O. 

It follows from (15), (16), (19) that we are actually interested in all possible 

t _-> 0 s.t. if we denoe q,(t)  = s(t, x2, w)  = s(t ,p,  r) = s and q2(t) = l = l(s, w, z2) = 

l(s,a,b), l(O,a,b)=O then Irl<A(e)/t, I b l < A ( 2 e ) ] s  and f l - s l < 4 e .  
Denote J ( m ) = { s E R + / s < - _ A ( Z e ) / [ b [ ,  It-sl--<me} and O(m)  = 

{s ~ R+/s <- A(Ze)/I b I, I s2bD + Las[ <- me}. We have from (20) 

J ( m ) C  O ( 2 m ) C J ( 4 m )  i fe  is small enough. 

In particular, J(4) c 0(8)  C J(16). 

Let P(x, y) = {t E R+/t <= A (e)/] r 1, s <= A(2e ) / }  b I, ]s2bD + L a s l <  8e}. 
Let t5 =/5(x ' y ) =  [0, z] be the connected component of P(x ,y)  containing 

zero. 

and 
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Take y ~  ~g"(xl(~-)) and let y i =  no(~-)yl. 
We denote B(x, y ) =  {L(x), Iot,)(y)} and call B = B(x, y) the black block of 

(x,y), y c a ( x ) .  
We say that (2, y ) E B ( x , y )  if 2 = T , x  for some 0 = < t - < r  and 

y, E 0(y'~, 0, 0, 60e). In particular, (T,x, To,)y) E B (x, y), 0 <= t <= ~. 
It follows from (20) that 

and so the length 

(21) 

for some 0 < E (e)--> O, e --* 0 

l (B) = max(z, fl(z)} < ~'(1 + E(e))  = D,~'. 

Assume that 

(22) max{I r l , l a  I , I b l } J 0 .  

There are the following possibilities: 

(1) l a l = l b l = 0 .  Then [ r l # 0  and /5=[0,~ ']  with 7 = m ( e ) / l r  I. So 

l(B(x, y) )  < D,A (e) /I  r I or 

(23) I rl < D,A (eFt(B). 

Let t E [0, r] and let y~ = H%)G~o)x~(t). It follows from (18) and (23) that 

IP(t)l < C,(e)  and I r(t)l < C2(e)/I(B) where 0 < C,(e), C2(e)~O, e ~ 0 .  
Since z'~ = w', t E P, this says that 

(24) if (2, ~) E B (x, y ) then ~ E V(2;  Ca(e ), Cz(e )/l (B), O, 0). 

(2) max{] a [, [ b I} # 0. Denote  O = {s ~ R I I s2bD + Las [ < 8~}. 
Let (i) (La) 2 <= 32e [bD I. 
Then b #  0 and O = Oo 9 0 is an interval of length 

l ( Qo) = "v/ ( La )2 + 32e I bD 1/1 bD l <= K~/~c/ J b I 

by (i) and (20) for some KI > 0 depending only on e. 
Using (i) and (20) we get 

(25) N/'(-~<=K1]l(Oo), lal<=Kz/l(Oo), K 2 > 0 .  

Let (ii) (La ) 2 > 32e I bD I. 
Then a # 0 .  If b = 0 then O = O o ~ 0  is an interval of length 
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(26) l(Qo) = 16e / [  La [. 

If b # 0 t h e n  Q = Q o U Q I ,  OEQo, and 

l(Qo) = l(Qd = [(X/(La)2 + 32e [bD [ - ~/(La)2- 32e l bDI)/2bD I. 

If 32[ bD I <= (La)2 then 32e [ bD I/(La)2 <= e and we get 

(27) /(Q0) = l(Q1)<=K3/ILa[ i re is sufliciently small, K3>0.  

If 321 bDl> (La) 2 or I bDl> (La)2/32 then 

(28) /(Qo) = I(Q1)<=K,/ILa[, K , > 0 .  

We have from (ii), (25), (26), (27), (28) that if max{/a [, ]b I}~ 0 then 

(29) la[<=Ks/l(Qo), ~/'~[<-Kdl(Qo), Ks, K6 > 0. 

Let Q --- Qo U Q1, where Q0 is the connected component of Q, containing 0 
and Ql might be empty. 

Let 0=<s E Q and z~E l;W(w(s)), z~= H*t,~G,~w(s). 
Let s ~ Qo, then s =< l(Qo) and it follows from (29) and (18) that 

(30) la(s) l ,X/ lb(s) l<g/ t (Oo)  if l(Q0) is large enough, K~>0.  

Let 0 < s ~ Q, be s.t. s <= A(2e)/[ b l. Then It - s f <  16e and we have using 
(18) 

e - " ( 1 - ~ - ) < ( e - " - s b e " ) - ' < e - " ( l +  1@_£e) . 

This implies by (29) 

(31) la(s)l,~/lb(s)l<Ks/l(Qo), K s > 0 ,  sinces => l(Qo). 

We have 15 = P(x, y) n {t E R+/s(t) E Qo} and l(B(x, y))_-< Dd(Qo) by (21). 

Let t 2 > t l > r ,  q 2 > q l > 0  bes . t .  

(32) Tq, y ~ A(T,,x),  i = 1, 2. 

Then s(t~) _-< A (2e)/I b I, s(t,) E Q1 and s (h ) -  s(h) <-_ I(QI) = l(Qo). 
Denote B '  = {J(x), J(y)} where J(x) is the orbit interval [T,,x, T~x] and J (y )  is 

the orbit interval [Tq, y, T~y]. 

We get the following consequence from (24), (30), (31), and (32). 
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CONSEQUENCE. Let (22) hold. Then there are C(e) ,  K > 0 depending only on 

e > 0 ,  l i m , ~ 0 C ( e ) = 0  s.t. if we denote V ( x ; l ) =  V ( x ; C ( e ) , R , A ,  B2), R =  
min{C(e),  C(e)/l}, A = min{C(e),  K/l}, B 2= min{C(e), [K/l]2}, l > 0 then the 

following holds: 

(1) If (~,)7)E B ( x , y )  then )7 ~ V(~;l(B)).  

(33) 
(2) If ( ~ , y ) E B ,  (~ ' , ) 7 ' )EB '  then ]EV(~ ;max{ l (B ) , l (B ' ) } )  and 

)7'E V(~'; max{/(B),  I(B')}). 

Let u = ( u l ,  u2), v=(v l ,  v 2 ) E Y = M x M ,  y E a ( u ) .  Let x = ( x l ,  x2), y =  

(yl, y2)E G x G, pxl = u,, py, = v,, d(x, ,y ,)<e,  y ~A(x) .  Let B ( x , y )  be the 

black block of (x, y). We call pB(x, y) = B(u, v) the black block of (u, v) in Y. 

This definition does not depend on x Ep-~(u), y ~p-~(v) if y E A(x) and e is 

sufficiently small. 

Let u'E{S,u,t>=O}, v'E{S,v,t>-_O}, x'E{T,~i,t>-O}, y'E{T,y,t>=O}, px '= 
u', p y ' =  v'. We say that ( u ' , v ' ) E B ( u , v )  iff ( x ' , y ' )EB(x , y ) .  We say that 

v' E V(u',  l) itt y '  ~ V(x',  1). 
Suppose that Sqv E a(S,u) for some q,t >=0. We have p(T,x)= S,u and 

p(Tqy) = Sqv. 
It is not necessarily true that Tqy E A(T,x). But there is a unique (A~,A2)~ 

F x F c G x G  s.t. 

(34) (A, . Hqy~, A2 " Hqy2) E A(T,x) 

(remember that (A, 7" ,=H,  x H , )  in G x G  cover (o~,S,=h,x h,) in 

M × M =  Y). 
We write (u, v) r (S,u, Sqv) if (Al, A2) ~ (e, e) in (34) and (u, v) ~ (S,u, Sqv) if 

(A~, A2) = (e, e) in (34). 

It is clear that (u, v) ~ (S,u, Sqv) itI Tq E A(T,x). 

Let Oc~(x)  denote the C(e)-ball  in G x G centered at x E G x G (C(e) is as 

in (33)). 

If e is sufficiently small then there is r > 0  depending only on F s.t. if 

yEOc~,~(x) and (A~.Hqy~,A2.Hqy:)EOc~(T,(x))  for some t, q E R ,  
(A~, A2) g (e, e) then 

(35) max {It I, I q l} > r. 

In the next paragraph we shall prove the following lemma. 

LEMMA 4. There are C, y'  > 0 depending only on F and e with the following 
property : given P > 0 there are lo = lo(p) > 0 and closed set F = F(p) C Y, 
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v ( F ) > l - p  s.t. if u ~ F ,  l>-lo, v ~ V ( u ; l ) ,  Sqv~V(S ,u ; l ) ,  t,q>=O and 
( u, v) £ ( S,u, Sqv ) then max{t, q} > Cl '+''. 

We are going to prove Theorem 1 using (33) and Lemmas 1, 3 and 4. 

Let u, v E Y  and let cr be an a-match between L(u), I,(v), t > 0 .  Let 

B : < B 2 <  . ' .  <Bin be a-blocks of (r, Bi ~(r ,  i =  1, m (see paragraph 1 for 

definitions). We write B, < B,÷I if B,+~ is on the right of Bi on orbits L (u), L (v). 

We now construct a black extension 6" of o" by the following procedure. 

Let B, ={[u,,u'i],[v,,v~]}, [u,,u~]CI,(u), [v,,v;]CI,(v), i=  1, m. 
Take (ul, v~) and let B(u~, v~) denote the black block of (ul, v0. Let i~U 

{1 ,2 , . . . ,  m} be s.t. (u,,, v,,)~ B(u~, vl) = {J(m),J(v~)} and (uk, vk) ~ B(Ul, I)1) if 

k > il. t It follows from the definition of black blocks that if (u,,, v,,) E B(m,  v~) 
then B,, is a subblock of B(u~, v:), i.e. [u,,, u",,] C J(ul), [v~,, v~] C J(vl). 

Denote/~1 = {[ul, u~l], Iv1, v;~]}. 

Suppose we constructed /~j = {[u~j_,+~, u~], [v~_,÷~, v~]}, io = 0, ij _- ij-i + 1, j = 

1 , . . . , n .  

To find i.+1 we take (u~.+l, vi.÷t) and consider the following cases. 

(1) There is 1 =< k = n s.t. (u, . . . .  1, v~ ... .  1) ~ (u,,+l, v~.÷~). Then i,+~ is the largest 

m-> i, + 1 s.t. (u,, v , )  ~ (u~,_,+:, v, . . . .  1) (see (33)). 

(2) There is no k as in (1). Then we define i.+1 in the same way as we did il. 

So we set ~ = {/~t, • •.,/~,~, r~ _-< m }. 

It follows from (33) that if /~ - {[a,, a~], [6,, 6'~]} ~ O then ~3~ ~ V(a,, l(/~i)), 
, 3 ~  V(t~'~, 1(/3,)) and if (ti,, 6~) ~ (t~, t3~) (there are at most two such B,, B~) then 

Bi and B~ satisfy (2) of (33). 

PROOF OF THEOREM 1. We shall prove the following assertion. There exists 

8 > 0 with the following property: given/3 > 0 there exists to = to(/3) > 0 and a 

set Y(/3)C Y, v ( Y ( / 3 ) ) > l - / 3  s.t. if u E Y(/3), t _  -> to then there is a set 

Z ( u ; t ) C  Y, v ( Z ( u , t ) ) > l - / 3  s.t. if v E Z ( u , t )  then f ( I , ( u ) , I , ( v ) )>~  (see 

paragraph 1 for the definition of f) .  

Clearly, this assertion contradicts the conclusion of Lemma 1. By this lemma S, 
is not LB. 

Let C, 7 ' > 0  be as in Lemma 4. Let l ' > 0  and 0 <  7 < min{3/', 1/15} be s.t. if 

1 -> f then 

(36) C/ '+" > (3/1+') :+" and K / l < C ( e ) i n ( 3 3 ) .  

'In other words, i~ is the largest i s.t. u~ ~J(u~) and (u,,v~)~(u~,v~). 
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Let r > 0 be defined by (35). 

Let /~ =/~(C, y, r, ¼) be as in L e m m a  3. 

Let  p = 0 / I00 and let /o = /o(p)  > 0  and F = F(p),  u ( F ) >  1 - 0 / I00 be as in 

L e m m a  4. 

Deno te  2 = Z(t ,  u)  = U~=0 U'p=0 S_sV(Spu, t3/4). It follows from the definition 

of V(u ; l) that vV(u  ; l) < L1-4 for some L > 0 depending only on e, u E Y. We 

get 

v(Z(u ,  t)) > 1 - Lt  -1. 

If v E Z(u ,  t) and Sqv E a(Spu), O<--p, q <- t then (22) holds for Spu, Sqv and 

we may use (33). (33) says that  the lengths of black blocks on L(u) ,  L(v)  are at 
most t 3/4. 

u e Y .  

Since S, is ergodic there is to = to(/3)>/" and a set 

(37) Y(/3)C Y, v ( Y ( / 3 ) ) > l - / 3  s.t. it u E Y(/3), t > t o  then 
the relative Lebesque measure of F on L ( u )  is at least 

1 - 2 0  = 1 - 0 / 5 0 .  

Let u E Y(/3) and v ~ Z(u ,  t), t > to> i > 0 .  Let  o- be an a -ma tch  between 

L(u) ,  L(v)  and let 6 -={ /~ , i  = 1 , - . . ,n~}  be the black extension of o',/~ = 

{[fi,, t~:], [•,, 0;1}. We have 

(38) f ( t r )  _-> f(t~) and l(/~) < t 3~', /3 E tY. 

It follows from the definitions of r in (35) that 

if (a'~, ~Yi) ~r 02i, t5i), j > i then d(B,,/~j) > r (see paragraph 
(39) I for the definition of d).  

Let  l =  max{/0, /, r} and let t ? ' = { / 3 E 6 " / / ( / 3 ) - > T } = ( / 3 ~ , . . . , / 3 g , } ,  / ~ =  
J',(v)}. 

Let 6 = { B ' i ~ ' / J ' I ( u ) N F ~ } = { I ~ , , . . . , B , ~ ,  rh_---na'_-<na<m}, /3i = 

{[a,, a:], [el, 
Let a,, f i ;E  [ill, fi:] M F be s.t. (ti,, fi,) M F = O = (fi;, fi:). 

Let  t3,, t3; be s.t. (ti,, ~3,), (ti~, t3;)E/3i. 

Deno te  B, ={[tii, a'i], [e,, e;] and 6- = {B1,- .- ,  B,,, th =< th}. 

It follows f rom (37) and (21) that 

(40) 0 =< [(6-) - f (6" )  -< ~/50(1 + E (e)) < 0/25 if e small enough.  

Let  /3 > 0  be fixed. Let [ > 0  be s.t. if t > { then 
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We have by (33) that 

(41) f),E V(fi,,I(B,)), f~;E V(a],I(B~)) and I(B,)>='(. 

It follows from the definition of r in (35) that if (ti'i, 13'i) r (fij, ~3j), j > i then 

d(/),,/3s) > r (see also (39)). 

Take  /31 ~ 6" and consider the following possibilities: 

(1) There  is no j E {2 , . - . ,  rh } s.t. (ti~, ~3~) ~ (tij, z3j) -~" (fi I, ~3 ~). In this case we 

define B ° =/3~. 

(2) There  is j~ ~ {2 , . . . ,  rh } s.t. (fi ;, t3'0 ~ (tij,, t3i, ) (there is only one such j~) and 

d(ff]l, Bjl)<max{r,[l(Bl)]l+',[l(Bj,)]'+~}. We define B°={[a,,a;,l,[e,,~;,l}= 
{[u °, u°'], [v °, v°']}. 

We have f rom (38) and our choice of y in (36) 

(42) I(B °) < 3[max {/(/3t),/(/3~,)}]'+*, 3r < 3t<3/')<'+~) < 3t '/5 < t/4 

if t is big enough.  

We have from (33) and (41) 

v°~ V(u°,l), v°'E V(u°',l) wherel>=max{l(B1),l(;Bi,)}, 

(43) l>-l, l(B°)<=3l '+~ and [l(B°)]'+~<--(31'+~)'+~<Cl ~+'' 

by our choice of y and l- -</. 

(3) There  is ]~ E {2 , . . . ,  rh } as in (2) and 

d (/3~,/~j,) > max{r, [/(/3~)]~+', [/(/~j,)]l+'}. 

o In this case we set B ,  = / ~ .  

Let B ° = {[tij . . . .  1, tl;.], [~3j._,+~, ~3;.]}, jo = 0. To define B°+~ we apply the above 

construction to /3~.+1E 6". 

Let  cr ° =  {B °, i = 1 , . . - ,  m°,m°<= m}. It follows from the construction of o "° 

that d(B°,B°)>r, i¢j .  This with (42) and (43) shows via L e m m a  4 that cr ° 

satisfies all the conditions of L e m m a  3 with a = ¼. By this lemma 

f(6.)  ->/(o  -°) => 0 = ~(C, y, r, ~). 

By (40) 

(44) f(6-') _-> 240/25 = ft. 

6- differs f rom 6-' by bIocks of length < 1. 
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For  /3 '~Ed" deno te  /~'~= D, ={[d,(u),d'~(u)], [d,(v),d'i(v)]}, i = 1 , . . . , n ,  

n = r f i  '. 

Let  X, = {E E d'/E is a block be tween  D, and Di+~} = { E , , . . . ,  Eikto}, l(Gk)< 
r, i =  1, n, k = 1, k( i) ,  Elk ={[e,~(u),el'~(u)], [elk(v),eS(v)]}. 

Take  E ,  E Xi and consider  the following possiblities. 

(1) d(D,,Eil)<r. This means  that (d'i(u),d'i(v))~(eil(u),eil(v)) and 

d(E,,  Q) > r where  Q = Di+t, Elk, k > 1. We set 

/~,i = {[d'i(u), e[l(U)], [d'i(tQ, e;l(V)]}. 

(2) The re  is j, > 1 s.t. d(E,,, E~j,) < r. This means  that 

(eq(u),e',(v)) ~ (e,,(u),e,,(v)) and d(E~I,D~)> r and d(E,,, Q ) >  r where  Q = 

Elk, k > ]1, Di+l. We set 

/~,  = {[e, du) ,  e,~,(u)], [e,,(v), e~(v)]}. 

(3) d(Eil, Di+l) "( r. Then  X, = {E~,} and d(Eil, Di) > r. We set 

/~,, = {[e,,(u), d,+du)l ,  [ell(V), d,+dv)]}. 

(4) d(E,,  Q ) > r  where  Q = Di, Di÷l, Gk, k > 1. We set /~1 = G , .  

Le t /~k  = {[e,._,.l(U), e~.(u)],  [e~j._,+~(v), e6.(v)]},/'o = 0. To  get /~i(k+l~ we apply 

the above  construct ion to E,.+~ E XI. 

D e n o t e  X~ = {/~-, " " ",/~ik(0}. We have l(/~) < 21-+ r, /~ E X~ and d(G~, E,) > r, 
k ~ j, i = 1, n. If d (/~il, D~) = 0 then d (/~1, D~+,) > r and if d (/~ikt0, D~+I) = 0 then 

d ( / ~ ,  Di)  > r. 

Deno t e  )~= (..J~=lX~ t_J 6-'. We  have 

f(~) ~ h ~ )  --> f(~). 

Arguing as in the proof  of L e m m a  3 (see (12)) we get by using (44) 

f(,~,) _-> 012(1 + r - ' ( 2 1 +  r))]- ' .  

We  comple te  the proof  setting 6 = 012(1 + r-1(2 F + r))]- ' .  [ ]  

3.1. PROOF OF LEMMA 4. Let  u E M and v ~ O(u; K/l, KZ/l, 8e/l) where  

K > 0  is as in (33). 

Let  0 < y < 1 be chosen later. It follows from (18) that if 0 _-< q _-< l * then 

(45) hq(v) E O(hq(u); Q/l tl-2~), Q/l, Q/! tl-2~)) c O(hq(u); Q/l °-2~)) 

for  some Q > 0  not depending on y if l is sufficiently big. O(u;p)  denotes  

O(u;p,p,p).  
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Let u E Y, x = (Xl, X2)E G x G, px = u and z E Oc¢,)(e)C G (C(e )  is as in 

(33)). D e n o t e  u ( z )  = p(xl"  z, x2" z )  = (ul(z) ,  u2(z)). 

Let W(u,  l) = {v ~ Y / v l  = ul(z ) for some z ~ Oc~,)(e ) and Vz 

O(u2(z ) ;2O/ l ) } ,  where  O > 0  is as in (45). 

For /3 ,  l > 0 denote  

E(/3, l) = {u E Y/ there  are z E Oc¢,)(e) and 0 =< t, q --<- l ~ 

s.t. Sou (z ) E W(S,u, l) and (u, u (z))  r (S,u, Squ (z ))}. 

We shall prove the following lemma. 

L E M ~  5. There are [30, O, R, N >O depending only on F and e s.t. i f  

0 </3 <=/30, l >= N then v(E([3, l)) < RI  -°. 

Let  us show how to prove L e m m a  4 using L e m m a  5. 

PROOF OF LErVn~_A 4. Let 0 < y  < 1  in (45) be s.t. 7 / ( 1 - 2 y ) < / 3 0 .  D e n o t e  

Z ( l )  = {u E Y/ there  are v ~ V(u,  l) and 0 -< q, t ": 11+~ 

s.t. Sqv E V ( S,u, l) and ( u, v) r ( S,u, Sqv )}. 

It is clear that  Z(1) is open  in Y. 

Let u E Z ( l )  and v ~ V(u,  l). It follows f rom the definition of V ( u  ; l) that  

vl = ul (z)  for some z E O ( e ;  C(e) ,  C(e)/ l ,  8e)  and v2E 

O(u2(z);  K /l, K2/l ~, 8e ). 
Let h s = L We  have v~ = g_~v~ = g-su~(z) = u~. z ~ where  

z ~ E O ( e ;  C(e) ,  C (e ) , 8e / l ) ;  

(46) v~ = g-~v2 ~ O(g_~uz(z ); K/l ,  K2/I, 8e/ l);  

S,v E V(S,u, I), 0 <= q, t ~ ! ~+~ means  that there is ;~ E O ( e ;  C(e) ,  C(e)/ l ,  8e)  s.t. 

hqvl = (h,uO" ~. and hqv2 ~ O((h,u2)" ~., K/ l ,  K~/l 2, 8e). 

This implies that  

hq/,v~ = h,/,u~ " ~ ~, ~" E 0 (e ; C(e  ), C(e  ), 8e /l), 

(47) 
hqt, v; E O((h,/,u~). ~ ,  K]I, K2[l, 8e [l). 

(45), (46) and (47) imply that 

h,/, (u ~. z ' )  ~ 0 ((h,/,u ~). ~. ~, 2 O / l  (1-2,)). 

D e n o t e  u ~ = (u~, u~). We  get Sq,, (u ~ . z ~) ~ W(S,/,u ~, lm-2~)), 
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(u s, u s • z s) r (S,/,u', Sq/t (u s • z ' ) )  and 0 =< q/l, t / l  <= l'.  

This means  that  u s = (g-,u1, g-su2) = (g- ,  x g _ , ) ( u ) E  E ( y / ( 1  - 2y) ,  l ~-2"~) or  

(g-s x g_ , )Z ( l )  C E ( y / ( 1  - 2y) ,  l(,-2,)). 

By our  choice  of  y :  y / ( 1 - 2 y ) < f l o .  W e  apply  L e m m a  5 to  get v ( Z ( l ) ) <  

R1 -°"-2") if l --> N. 

D e n o t e  2 ( 0  = Y -  Z ( l ) .  
It follows f rom the definit ion of Z ( l )  that  if u E 2(0,  v ~ V(u; l), &v 

V(S,u, l) for  some  t, q > 0 and (u, v) ~ (S,u, S~v ) then max{t,  q} > l '+ ' .  

Let  # > 0  be fixed. D e n o t e  lk = 2  k/"t~-2,~. Let  k o > 0  be  s.t. l~_- > N and 

R E~=ko 2-~ < O. 

D e n o t e  F = F(O ) = i")~=ko2,(/k) and to = to(p)= lko. 

W e  have  that  F is closed in Y and v ( F ) >  1 -  P. 

Let u ~ F, l ->/o, v E V(u  ; l), Sqv E V(S,u, l), t, q >= 0 and (u, v)  r (S,u, SqV). 

Let  k => ko be s.t. lk =< l < lk+l. U E F implies that  u E 2,(Ik) and the re fore  

max{t, q} > 1~, +" 

=2k(l+vYe(1-2v) 

=2k~(,+,) 

= 2(k +I)"(I+~')/2"0+~) 

1+~ = CIk+L 

> CI ~+~ 

where  C = 2 -'(1+') = 2 -(~+'>/°"-z'). 

This  comple tes  the  proof .  [ ]  

3.2. PROOF OF LEMMA 5. W e  are going to p rove  L e m m a  5. Let  F =  

{e, - e, C,, C:, . - . }, [ T r C , [ > 2  and let F be  the fundamen ta l  region of F, 

containing e. T h e  closure P of F is compact .  Let  A, deno te  the e igenvalue  of C, 

with I h , [ >  1. 

PROPOSITION 1. There exists .r > 1 s.t. I A, I > r ]:or all i = 1 , 2 , . . . .  

PROOF (J. Wolf).  Suppose  on the cont rary  that  there  is a subsequence  

{C,.,n = 1 , 2 , . - . } C { C , , i  = 1 , 2 , . - - }  s.t. limn_®A,. = 1, A,. > 1 .  (If limA,. = - 1  

for  some  {C,.} then l i m A ( - e C , . ) =  1.) Let  C,~ -- PnA.P~ 1, where  

D e n o t e  G , ( t ) =  PnA( t )P:  ~ where  
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(' ) t - '  ' t > 0 .  

G.  (t) is called the geodesics preserved by C~. We have C~. • G.  (t) = (7, (t)t,.). 

There  are t , > 0  and A ,  E F  s . t . g . = A . . G , ( t . ) E F .  Since P is compact  

there is {g.~ } s.t .g.~ ~ g E 1# C G. We have 

d(g .~ ,a .~C , .A .7 (g ,~ ) )=  log A,. ---~ 0, k --~ oo. 

This implies that g is not a point of discontinuity of F, which contradicts the 

fact that F is discrete. [ ]  

D(/3, l) = {x = (x,, x2) E F × F I there are z, ~ E Oc(E)(e), 

(48) O<=q,t<-l~ and ( e , e ) ~ ( A , , A z ) E F x F  s.t. (i) 
A ,  . Hq(xl  . z)  = H,(x l ) .  ~ and (ii) a2  . Hq(x2 . z )  = 

H , ( x 2 ) . 2 . 4 `  for some 4' E O ( e ; 2 O / l ) } .  

It is clear that pD([3, l ) =  E([3, l ) C  Y and P(D(/3, l ) ) =  u(E([3, l)), pf, = v ,  

P.=/2 x/2  where /2 is the Haar  measure in G,/2 (F) = 1. 

We have 

(1 01) and H q ( g ) = g . H q .  Hq= q 

(i) and (ii) in (48) can be rewritten as follows: 

(49) x~-'. A , - x ,  = H, . Y. . H i ' .  z - '  = B(x , ,  A , ) ,  

(50) x~' . A z .  xz = H, . 2 . 4 ' .  H i ' .  z - '  = B ( x , ,  A , ) .  ek ~ O ( B ( x l ,  A , ) ,  Q1/I '-2~) 

where cb E O(e,  Q~/! '-2~) 

for some Q1 > 0 depending only on e if l is sufficiently large. 

Denote  !1B I! = max I b~ 1, B = (b,). Let ~ = {A~ ~ r/A, satisfies (49) for some 

x, E F, 0 -< q, t =< l ~ and z, ~ E Oc~.)(e)}, cb2= {A2 ~ F/A2 satisfies (50) for some 

x2 ~ F, z, e E Oct~)(e), 0 ~ q, t <= l ~ and 4' E O(e,  2Q/ l ) } ,  n, = card ~ , ,  i = 1, 2. 

Since P is compact,  it follows from (49), (50) that if A ,  ~ qb~ and A2 E ~2 then 

IIA,II, IIa=ll < Q~t ~ for some Q2 > 0 depending only on F and e, if I is sufficiently 
large. 

Since F is discrete we have 

(51) n,, n2 < 0316~ 

where 03 > 0 depends only on F and e. 

Denote  
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Let us explore (49) and (50). One can see that since z, 2 E Oc¢~)(e), A1, A2 

- e  if e is sufficiently small. 

If A~ = e in (i), then A2 = e satisfies (ii). Since F is discrete there is not any 

other A:  ~ F satisfying (ii) if l is sufficiently large. In the same way, if A2 = e in 

(ii), then A~ = e in (i). So ( A ~ , A 2 ) ~  (e, e) implies that A~ ~ e ~  Az. 

Let B E G, A E F ,  A ~ e , - e  and let f :  G---~G f ( u ) =  uAu  -~, K ( A , B ) =  
K = {u E F / f ( u ) ~  O(B,  Qdll-2~)}. 

PROPOSITION 2. There is R > 0 depending only on F and e s.t. ~ (K(A ,  B) )  < 

R / l  2°-2~) for all B E G, e, - e ~  A E F. 

PROOF. Let 

A = P (  A A - ' ) P - 1  

where ,~ is the eigenvalue of A with I A [>  1. Denote  

t -I p - 1  t > 0 ,  

A = {A(t), t > 0} is a one-parameter  subgroup of G. 

We have f(A(t))  = A for all t > 0 .  Denote  X =  G/A 

{ w ~ X / w = u . A  for some u E K } .  

Let 

and let X ( K ) =  

and 

d 
v~=vt (e )=P(O0 ~ ) P - ~ = ~ - ~ P ( ~  tl) P-l[,=o 

(o o) , o) ,f 
v2 = v2( e ) = P 0 = -~ \ t ,~o" 

v~, v2 belong to the Lie algebra of G and v~(u) = u • vl, v2(u) = u • v2 belong to 

the tangent space T, at u E G. 

Let us look at the differential 

df(v , (u  )) = ( u A u - ' )  " -d-[ ,=0 

It is easy to compute that 

'u ; ) P ' ) ] I  o 
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(52) 

where 

= d  (uP( A-1 )(~ ~)( /~" /~ --1) (~ --1 t) P--IL~--I) I 
dt A ,=o 

= uP 0 

= (,~-~- 1 ) u v , u - 1 .  

So we get d[(v,(u)) = (uAu -~) (A - z -  1)uv,u -~. 
In the same manner df(vz(u))= (uAu-1)(A z -  1)uvzu -~. 
Since P is compact there is R,  > 0 depending only on F s.t. II uvu -xl[_-__ R~[[ v II 

for all v from the Lie algebra of G and all u E F. 

Using Proposition 1 we have 

Il dfl(v~(u ))ll >- Rz[[v,(u )ll, 

II df(oz(u ))ll >- Rzll vz(u )]l, 

R2= R , "  ( - ~ )  > 0, r > l .  

(v,(u),vz(u)) can be thought of as a basis in the tangent space Tw of 

X , w = u . A .  
Let T: X--o G be f ( w )  = f ( u )  if w = u .  A. [ is a diffeomorphism from X onto 

the range f which is a two-dimensional surface in G. Let dm denote the measure 

on the range [ generated by the Riemannian metric on range [ and let dtZ be the 

measure on X = G/A generated by/2. 

Let [K: X(K)---~ G be the restriction of [ on X ( K )  and let 

/~ = range f r  C O(B, Ol/l I-2°) A f ( G )  

= {B .qb [d~ E O(e, Q1/I'-Z~),TrB • 6 = WrA} = S. 

One can see that rn (S)<= Q/l  z°-z~) for some 0 > 0. 

We have 

t" 
0/tz°-z")_- > m ( ~ )  = | IJ (w) ld~(w)  

. I x  (g) 

where J(w)  is the Jacobian of [ at w ~ X(K) .  
(52) says that 

IJ(w)l>-R3 w ~ X ( K )  where R 3 > 0  depends only on F. 

We get 
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o r  

Q/l  2'~-2~' >= R31~ (X(K) )  

12 (X(K)) <- R4/l 2'1-2~), R,  > O. 

Since P is compact this implies that t2(K)<=R/l 2~-2~ for some /~ > 0  

depending only on F and e. []  

PROOF OF LEMMA 5. Let D(/3, l) be as in (48). We have to prove that there are 

/3o, N,O,R > 0  s.t. if 0 < / 3  --</30, l>-N then f~(D(/3,1))<Rl -e. 
Denote  D(xl, fl, l )={x2EG/(x , ,x2)ED(f l ,  l)}. We have D(Xl,/3,1)C 

I,.JK(A2, x~IAIX~) where the union is taken over all e , - e ~ A ~ E d ) l ,  e, 
- e ~ A 2 ~ O 2  (see (51)). 

Using Proposition 2 and (51) we have 12(D(x~,/3, l))<= Rl -~2-~°~) for some 

R > 0, if l is sufficiently large, say l -> N for some N > 0. 

This implies that f~(D(/3,1))<=Rl -~2-~°~) if l =  > N. We complete the proof 

setting/30 = 1/10, 0 = 1. [ ]  
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